Let B be the unit ball in C n with respect to an arbitrary norm and let f (z, t) be a g-Loewner chain such that e −t f (z, t) − z has a zero of order k + 1 at z = 0. In this paper, we obtain growth and covering theorems for f (·, 0). Moreover, we consider coefficient bounds and examples of mappings in S 0 g,k+1 (B).
Introduction and preliminaries
Let C n denote the space of n complex variables z = (z 1 , . . . , z n ) with respect to an arbitrary norm · . Let B = {z ∈ C n : z < 1}. Let U be the unit disc in C. Let H (G) denote the set of holomorphic mappings from an open set G ⊂ C n into C n . Further, let L(C n , C m ) be the space of all continuous linear operators from C n into C m with the standard operator norm. Let I be the identity in L(C n , C n ). A mapping f ∈ H (B) is called normalized if f (0) = 0 and Df (0) = I .
Let S(B) be the set of normalized univalent holomorphic mappings in H (B). Also let K(B), respectively S * (B), be the sets of normalized convex, respectively starlike, mappings on B. When n = 1, the sets S(U ), S * (U ) and K(U ) are denoted by S, S * and K, respectively.
For each z ∈ C n \ {0}, we set T (z) = {l z ∈ L(C n , C): l z (z) = z , l z = 1}. Then this set is nonempty by the Hahn-Banach theorem.
If f, g ∈ H (B), we say that f is subordinate to g, and write f ≺ g, if there exists a Schwarz mapping v (i.e., v ∈ H (B), v(0) = 0, and v(z) < 1, z ∈ B) such that f = g • v on B. If g is univalent on B, this condition is equivalent to f (0) = g(0) and f (B) ⊂ g(B).
We recall that a mapping f : B × [0, ∞) → C n is called a Loewner chain if f (·, t) is univalent holomorphic on B, f (0, t) = 0, Df (0, t) = e t I for t 0, and f (z, s) ≺ f (z, t), z ∈ B, 0 s t < ∞.
The above condition is equivalent to the fact that there exists a unique univalent Schwarz mapping v = v(z, s, t), called the transition mapping of f (z, t), such that f (z, s) = f (v(z, s, t), t), z ∈ B, t s 0. The normalization of f (z, t) implies the normalization Dv(0, s, t) = e s−t I for t s 0.
A fundamental role in the study of Loewner chains and the Loewner differential equation in several complex variables is played by the following set:
which is the generalization of the Carathéodory set in one complex variable.
In [8] (see also [7] ; cf. [5] ), it is proved the following result:
Lemma 1. Let f (z, t) be a Loewner chain and v = v(z, s, t) be the transition mapping of f (z, t). Then f (z, ·) is locally Lipschitz continuous on [0, ∞) locally uniformly with respect to z ∈ B, and there exists a mapping h = h(z, t) such that h(·, t)
Also v(z, s, t) satisfies the initial value problem
for all z ∈ B and s 0. 
for all z ∈ B (see [5] ; cf. [19, 27] ).
Let S 0 (B) be the set of all mappings which have parametric representation on B. Then S 0 (B) ⊂ S(B) (see [5, 27] ). It is known that in the case of one complex variable, S 0 (U ) = S (see [26, Theorems 6.1 and 6.3] ). However, in higher dimensions, S(B) is a larger set than S 0 (B) (see [5] ).
However, there are other choices of g which provide interesting properties of the set M g .
The basic existence theorem for the Loewner differential equation on B, originally due to Pfaltzgraff (see [23, Theorem 2 .1]), can be improved by omitting the boundedness assumption on h(z, t). The following proposition is due to [5, Theorem 1.4 ] (cf. [27] ). In view of the above result, Graham-Hamada-Kohr [5] (cf. [19, 27] ) have recently introduced the following definition. 
and f (z, t) satisfies the Loewner differential equation (1) . Such a Loewner chain is also called a g-Loewner chain (cf. [5, 19] ). This equivalence provides many examples of mappings which have g-parametric representation on B.
It is known that certain subsets of S(B) can be characterized in terms of Loewner chains. For example, a mapping f belongs to S * (B) if and only if f (z, t) = e t f (z) is a Loewner chain. On the other hand, according to [24] , we say that a normalized locally biholomorphic mapping f ∈ H (B) is said to be close-to-starlike if there exists a mapping g ∈ S * (B) such that 
for all z ∈ B \ {0} and l z ∈ T (z). We denote by S * p (B) the set of all starlike mappings of order p on B. It is clear that S * p (B) ⊂ S * (B) for p ∈ (0, 1). Another set of special interest in our discussion is that consisting of quasi-convex mappings. This subset of S(B) was introduced by Roper-Suffridge [29] as a natural generalization to higher dimensions of convexity. Let u ∈ C n with u = 1 and l u ∈ T (u). For a normalized locally biholomorphic mapping f on B, let
Let G denote the set of all normalized locally biholomorphic mappings f on B that satisfy the condition Re G f (α, β) > 0, for all α, β ∈ U , u ∈ C n with u = 1 and l u ∈ T (u). Roper and Suffridge [29] proved the inclusion relation
and obtained several properties of the mappings in G. In particular, they obtained the sharp growth result for mappings in G on the Euclidean unit ball. In [5] , it is shown that this result is also valid in the case of an arbitrary norm. We shall refer to the set G as the set of quasi-convex mappings.
Let α ∈ (−π/2, π/2) and f ∈ H (B) be a normalized locally biholomorphic mapping. According to [11] , we say that f is spirallike of type α if
Let S α (B) be the set of spirallike mappings of type α. In [11] , it is proved that every f ∈ S α (B) is univalent on B and also the following alternative characterization of spirallikeness of type α is proved: f is spirallike of type α if and only if f (z, t) = e (1−ia)t f (e iat z) is a Loewner chain, where a = tan α.
We have the following inclusion relations:
and
Let f ∈ H (B) and let k be a positive integer. Then f is said to be k-fold symmetric if the image of f is unchanged when it multiplied by the scalar complex number exp(2πi/k). We
(compare with [21] ), where D j f (0) is the j th Fréchet derivative of f at z = 0. We note that z = 0 is a zero of order m of f (z) − z for some m with m k
We denote by S 0 k+1 (B) (respectively S 0 g,k+1 (B)) the subset of S 0 (B) (respectively S 0 g (B)) consisting of mappings f for which there exists a Loewner chain (respectively a g-Loewner chain) f (z, t) such that {e −t f (z, t)} t 0 is a normal family on B, f = f (·, 0) and z = 0 is a zero of order k + 1 of e −t f (z, t) − z for each t 0. Also, we denote by
In the rest of this paper, we shall obtain growth and covering theorems, as well as coefficient bounds for mappings in S 0 g,k+1 (B) . These results were obtained by Graham, Hamada and Kohr [5] in the case k = 1 (cf. [19, 27] ). Some of the growth and covering theorems in this paper are generalizations of the results in Liu-Liu [20] .
A growth theorem for mappings in S 0 g,k+1 (B)
In this section, we will give a growth theorem for mappings in S 0 g,k+1 (B) . To this end, we need to use the following lemma.
Lemma 8. Let g satisfy the conditions of Assumption 4, h satisfy the assumptions of Proposition 5 and f (z, t) be a g-Loewner chain satisfying the differential equation (1) such that
for z ∈ B \ {0}, l z ∈ T (z) and a.e. t 0.
Proof. Fix t 0 such that the differential equation (1) holds. We take a point z 0 with
Therefore, we obtain that
Thus, there exists a holomorphic functionp(ξ, t) on a neighbourhood of 0 such that H (ξ, t) ). Next, in view of the maximum and minimum principle of harmonic functions, we conclude that
Putting ξ = z in (5), we obtain (4). This completes the proof. 2
The following lemma generalizes [5, Lemma 2.1] (cf. [19] ).
Lemma 9. Let f , g and h be as in Lemma 8. Also let v = v(z, s, t) be the solution of the initial value problem (2).
Then
for z ∈ B and t s 0.
Proof. We will prove the upper bound. The proof of the lower bound is similar. Fix s 0 and z ∈ B \ {0} and let v
(t) = v(z, s, t). Since v(t) is locally Lipschitz continuous on [s, ∞), it follows that v(t) is also locally Lipschitz continuous for t ∈ [s, ∞). Thus
By Lemma 8, we obtain that
Since v(t) is locally absolutely continuous, we may integrate both sides of the above inequalities and make a change of variable, to obtain that
Finally, straightforward computations in the above relations yield (6), as desired. This completes the proof. 2
We are now able to obtain the following growth result for the set S 
(B). Then
Proof. First, we mention that the above integrals exist and are finite since g(0) = 1 and Re g(ζ ) > 0 for |ζ | < 1. Also since f ∈ S 0 g (B), we have
locally uniformly on B, where v = v(z, t) is the solution of the initial value problem (3). Taking into account the relations (6), one deduces that
for all z ∈ B and t 0. Since lim t→∞ e t v(z, t) = f (z) < ∞, we must have lim t→∞ v(z, t) = lim t→∞ e −t e t v(z, t) = 0. Letting t → ∞ in (9) and using (8), we obtain the estimate (7), as desired. This completes the proof. 2
We remark that if f (z, t) is a g-Loewner chain such that z = 0 is a zero of order k + 1 of e −t f (z, t) − z for each t 0, then using a similar reasoning as above, we obtain the following growth result (cf. [5, Corollary 2.3]). 4 and f (z, t) be a gLoewner chain such that z = 0 is a zero of order k + 1 of e −t f (z, t) − z for each t 0. Then
Corollary 11. Let g : U → C satisfy the conditions of Assumption
z exp z 0 1 max{g(x k ), g(−x k )} − 1 dx x e −t f (z, t) z exp z 0 1 min{g(x k ), g(−x k )} − 1 dx x , z ∈ B, t 0.
Examples of mappings in S 0 g,k+1 (B)
First, we remark that the following inclusion relations hold:
and S α,k+1 (B) ⊂ S 0 k+1 (B) for |α| < π/2. A particular interest in Theorem 10 consists in the case g(ζ ) = (1 + ζ )/(1 − ζ ). We have the following growth result for the set S 0 k+1 (B) (cf. [5, 19, 27] ).
Consequently, f (B) ⊃ B 2 −2/k .
As corollaries to the above theorem, we have the following growth results for the sets S α,k+1 (B) (cf. [11] ) and C k+1 (B).
In particular, we have the following growth result for the set S * k+1 (B) due to Liu-Liu [20, Theorem 1] (cf. [1, 3, 10] ).
We have the following growth result for the set S * p,k+1 (B) due to Liu-Liu [20, Theorem 2] (cf. [13, 17] ).
Consequently,
. Therefore, we obtain the claimed result from Theorem 10. This completes the proof. 2
In particular, we obtain the following corollary (cf. [5, 29] . See also [4, 12, 15, 17] , [20, Corollary 1] and [31] ). We mention that if k = 1, then the growth result contained in Corollary 16 is sharp (see [29] ).
Consequently, f (B) ⊃ B 2 −1/k . Remark 17. Liu-Liu [20] showed that the results of Corollary 14 and Theorem 15 are sharp. The sharpness of these results yield the sharpness of Theorem 12. B 2 (p) be the unit ball in C 2 with respect to a p-norm, where 2 p < ∞. Muir-Suffridge [22] proved that if a ∈ C, k ∈ N * and f :
Example 18. (i) Let
Under these conditions, f is k-fold symmetric and
(ii) Let B n denote the Euclidean unit ball in C n . As in [29, Theorem 3.4] , it is possible to prove that if f j (z j ) is a k-fold symmetric normalized convex function on U for j = 1, . . . , n such that f j (z j ) = z j for some j , then f : 
Theorem 19. Let f ∈ H (B n ) be a normalized locally biholomorphic mapping which satisfies
If c 1 and z = 0 is a zero of order k
is a Loewner chain. Moreover, since lim t→∞ e −t f (z, t) = z locally uniformly on B n , we deduce that {e −t f (z, t)} t 0 is a normal family, and thus f ∈ S 0 (B n ). Further, since z = 0 is a zero of order k + 1 of e −t f (z, t) − z for each t 0, it follows that f ∈ S 0 k+1 (B n ). We will prove the bound (11) . Let
and h(z, t) = (I − E(z, t)) −1 (I + E(z, t))(z).
Then f and h satisfy the differential equation (1). Since z = 0 is a zero of order k of E(z, t) and E(z, t) c from (10), we obtain that E(z, t) c z k by the Schwarz lemma. Therefore,
This implies that
Also, from (12), we obtain that
From (14) and (15), we obtain that
Thus, from (13) and (16), we obtain that
Then, using these inequalities, we obtain the inequality (11) 
for z = (z 1 , z ) ∈ B n . The branches of the power functions are chosen so that
We will generalize the above result to f ∈ S 0 k+1 (U ). This result gives many examples of mappings in S 0 k+1 (B n ).
Proof. It suffices to give the proof when n = 2. Since f ∈ S 0 k+1 (U ), there exists a Loewner chain f (z 1 , t) such that f (z 1 ) = f (z 1 , 0) for all z 1 ∈ U and z 1 = 0 is a zero of order k + 1 of e −t f (z 1 , t) − z 1 for each t 0. Let F α,β (z, t) be defined by
for z = (z 1 , z 2 ) ∈ B 2 and t 0. In [6, Theorem 2.1], it is shown that F α,β (z, t) is a Loewner chain such that {e −t F α,β (z, t)} t 0 is a normal family on B 2 . Also, z = 0 is a zero of order k + 1 of e −t F α,β (z, t) − z for each t 0. This completes the proof. 2
In the following result, we shall denote by LS n the set of normalized locally biholomorphic mappings in B n . Also for n 1, let z = (z 1 , . . . , z n ) so that z = (z , z n+1 ) ∈ C n+1 . Pfaltzgraff-Suffridge [25] defined the following extension operator Φ n : LS n → LS n+1 given by
where J f (z ) = det Df (z ) for z ∈ B n . On the other hand, Graham-Kohr-Pfaltzgraff [9] have recently proved that the class S 0 (B n ) is preserved by the above operator, i.e., if
). In particular, they proved that if f ∈ S * (B n ) then Φ n (f ) ∈ S * (B n+1 ). Related to the class S 0 k+1 (B n ), we have the following result, which also provides examples of mappings in S 0 k+1 (B n+1 ).
Proof. Since f ∈ S 0 k+1 (B n ), there exists a Loewner chain f (z , t) such that f (z ) = f (z , 0), z ∈ B n , and z = 0 is a zero of order k + 1 of e −t f t (z ) − z for t 0, where
for z = (z , z n+1 ) ∈ B n+1 and t 0. In [9, Theorem 2.1], it is shown that F (z, t) is a Loewner chain such that {e −t F (z, t)} t 0 is a normal family. We next prove that z = 0 is a zero of order k + 1 of e −t F (z, t) − z for t 0. To this end, fix t 0 and let 
Hence f is a spirallike mapping relative to A for all a ∈ C (see [30] ). In particular, f ∈ S k+1 (B 2 ). Let a ∈ R with a > 2
Taking into account Theorem 12, one deduces that f ∈ S 0 k+1 (B 2 ).
These observations suggest that one should consider another subset S 1 k+1 (B) of S k+1 (B) . That is, f ∈ S 1 k+1 (B) if and only if there exists a Loewner chain f (z, t) such that z = 0 is a zero of order k + 1 of e −t f (z, t) − z for each t 0 and f (z,
Combining Proposition 5 and Definition 6, we have the following inclusion relations:
The next example shows that, in higher dimensions, S 1 k+1 (B 2 ) is a strictly larger set than S 0 k+1 (B 2 ). However, in the case of one complex variable, these sets are identical (cf. [26] ).
Then it is easy to see that Φ is a normalized univalent holomorphic mapping of C 2 onto C 2 . Further, we consider the Loewner chain
Then it is not difficult to deduce that (Φ • f )(z, t) is also a Loewner chain such that z = 0 is a zero of order k
for r ∈ (0, 1). Therefore, from Theorem 12, we conclude that Φ • f / ∈ S 0 k+1 (B 2 ). 
